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A BANACH SPACE BLOCK FINITELY UNIVERSAL FOR
MONOTONE BASES

E. ODELL AND TH. SCHLUMPRECHT

ABSTRACT. A reflexive Banach space X with a basis (e;) is constructed having
the property that every monotone basis is block finitely representable in each
block basis of X.

1. INTRODUCTION

B. Maurey and H. Rosenthal [MR] in 1977 gave an example of a normalized
weakly null sequence for which the summing basis is block finitely represented in
all subsequences. They asked whether one could for some basis achieve this in
all block bases and thereby solve in the negative the unconditional basic sequence
problem. The later problem was subsequentially solved in 1991 in a spectacular
paper of W.T. Gowers and B. Maurey |[GM]. Further examples have since been
given solving a myriad of related problems. These examples all have a basis (e;)
with the property that for some sequence ¢, /oo if (y;) is any block basis of (e;),
then for all n € N and € > 0 there is a block basis (z;)7; of (y;) with

1> 2l
1325 (= 1)l
In known examples ¢,, grows rather slowly (e.g., like logn). In this paper we answer
in the affirmative the problem of B. Maurey and H. Rosenthal. Thus we obtain an
example for which one has ¢,, = n, the worst possible unconditionality.

Our example is a “conditional version” of an example in [OS] in which an un-
conditional basis is constructed so that all finite 1-unconditional bases are block
finitely represented in all block bases. The norm in that example satisfies the
implicit equation

(1.1)
¢
B 1 teN, meN, fori=1,...,¢
Jaf| = max ||x||oo,sup{— DB B i adissie } ,
=

>cCp— €.

7(0) & L

where Jzl,, = sup{L 7 [Fi(@)l : Fy < - < o} Tn (11) £(0) = logy(¢ + 1)
and (m;, B;)f_, is admissible if mq > 2, f(mi1) > E;‘:l |E;|, and E1 < Ey <
-+ < Ey (the notation will be described in §2 below).

Received by the editors May 24, 1996.

1991 Mathematics Subject Classification. Primary 46B20; Secondary 46B15, 46B03.
Key words and phrases. Unconditional basic sequence, block finitely universal.
Research supported by NSF and TARP.

(©2000 American Mathematical Society

1859



1860 E. ODELL AND TH. SCHLUMPRECHT

The idea of “defining” a norm by an implicit equation is due to T. Figiel and
W.B. Johnson [EJ] in their paper on Tsirelson’s space. We might describe the norm
in (1.1) as a “2-layer” Tsirelson type norm. The example in this paper is a “3-layer”
norm. Also, terms like “||F;(z)||” need to be replaced by “z}(z)” where the z;’s
are rather carefully chosen in the manner of [GM]. It is also possible to define the
norms in (1.1) and below by describing the dual ball much in the same manner as
Tsirelson did in his original paper [T].

2. TERMINOLOGY AND USEFUL FACTS

The linear space of all finitely supported real valued functions on N is denoted
by coo. For nonempty E, F C N, “E < F” means that max F < min F. |E| is the
cardinality of E. For a sequence of nonzero elements (x;) C coo, “z1 < z2 < --+7
means that supp ; < supp s < --+ where suppz; = {j € N: 2;(j) #0}. If x € ¢go
and E C N, then Ex € ¢g is defined by Ex(j) = z(j) if j € E and 0 otherwise.
(e5)5° is the unit vector basis for cgp. (e})$° are the biorthogonal functionals to
().

We shall be interested in a collection A of certain type norms on cog. || - || € N
if (e;) is a normalized monotone basis for the completion of (cqo, || - ||) and ||| =1
for all 4. The latter just says that || > a;e;|| > max; |a;| = ||(as)||oo for all (a;) € coo.
All £, norms and the Tsirelson norm are in A. There is a natural partial order on
N <) flz|| < |z for all @ € cop. Clearly, ||« [leo < || < |- le, if || €N.

If||-|| € N and X = (coo, ] - ||), then B(X*), the unit ball of X*, is the weak*
closure of {>"7 aef : n € N, (a;)7 € R} N B(X*) and as such may be identified
with

{@) € cons 1Y asesl <1} -1,17

where [—1,1]Y is given the product topology.

There are a number of Tsirelson type spaces in the literature described by implicit
equations much like (1.1) ([CS], [AD], [GM], [OS]). These implicit norms are fixed
points of certain mappings on A/. The next proposition gives a general argument
for their existence.

Proposition 2.1. Let P : N'— N be order preserving (|-| < |-l = P|-| < P||-|)-
Then P admits a smallest fized point. Thus there exists || - || € N with

a) |-l =Pl -l
b) If P|-|=1-|, then ||| <[]
Proof. Let || |lo = || * ||co- By transfinite induction we define || - ||, for o < wq. If

a=0+1, we set
[#]lo = max([|]| g, Pllzlls) -

If a is a limit ordinal, we set ||2]|o = supg, [|#s. Clearly |||l € N for all & < wy.
Since (|| [|a)a<w, 18 an increasing family of norms the dual balls B = B(coo, || - ||%)
are increasing closed subsets of [—1,1]N. Since this space is compact metrizable
there exists ap < wy so that B, = Bj for all 8 > ag. Thus ||« [la, = || - [|s for
B> agas well. Weset || -||=1"1a-

To see that || - || is a fixed point for P we first note that || - || = || - [lag+1 =

Pl - |lay = P|| - ||. For the reverse inequality it suffices to show by induction that
II“lla < P| -] for all & < wy. Clearly this holds for « = 0 and if || - || < P|| - ||,
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then |- || 41 = max(||- ||, PI|- |5) < P]-||. Tndeed [} < ||-|| by the definition of

I -l and so PJ| - ||g < PJ| - || since P is order preserving. Also if « is a limit ordinal
and || - [[g < P|| - || for # < a, then || - [|o < Pl - ||. Thus P -[| = |- ||

To see b), let P|-|=|-]. Then | -|jo < || and by induction we easily obtain
I“lla < || for @ < wq, hence || - || < |- O

Basic sequences (z;) and (y;) are C-equivalent if for some constants «, 5 with
a1 < O, o S aimi|| < || aiysll < BlYS aixi|| for all (a;) € coo. A basic
sequence (z;) is block finitely represented in a basic sequence (z;) if for all &€ > 0
and n € N there exists a block basis (y;)} of (x;) which is (1 + €)-equivalent to
(2)1-

Let || - || € N and X = (coo, ]| - ||).- For A € X* and z € X we set ||z|la =
sup{|z*(z)| : * € A}, For 1 < p < oo, C > 1and k € N, z € X is called
an é’;-avemge with constant C if x = k=1/7 Ele x; for some normalized sequence
x1 < -+ < x which is C-equivalent to the unit vector basis of 8’;.

If|| -] € Nand X = (coo, | - I]), then | - ||* € M as well. Indeed (ef) is a
normalized monotone basic sequence in X* and || Y a;e}|| > max |a;| for (a;) € coo.
So we are free to use our notation z* < y* for elements of the dual in span(e) as
well.

Before defining our norm we present some technical notation and a lemma. The
lemma could be postponed but it does help one become familiar with the terminol-
ogy. Our first definitions are motivated by [GM].

Fix H C cgo N [~1,1]N, a countable subset of nonzero elements. Let D = (D;)
be a sequence of subsets of H. Let

o:{(z7,...,z;):neN, z; e Hfori<n,z]<---<a;} >N

rn

be an injective map satisfying the following condition:
(0,D) o(xy,...,xy) > max(k,maxsuppx,) if 2}, € Dy, .
Let M = (M,,) be a subsequence of N.

Definition. (z7,...,z},) C coo is (D, M, 0)-admissible if
1) o7 <. <af,

2) af € UizM,,, D;,
3) x?Jrl € Da(x‘l‘,...,x;) if1<i<n.

We have used “z}” above in our definitions because we will be applying this for
elements in X*.

Let f:[1,00) — R be given by f(z) = log,(z + 1). We will make use of the fact
that f is strictly increasing, f(1) = 1 and both f(x) and % are concave functions.

For n € N set

n

T, =T,(D,M,0) = {ﬁ S (@)t is (D, M, a)-admissible} :
j=1

Let I' =I'(D, M,0) = Uy T'ns D = U;>p, Di and note that I'y = D.

Lemma 2.2. Let ||-|| € N, X = (coo, || - ||) and suppose that T'(D,M,o) C B(X*).
a) Let k,m € Ny e > 0 and let e, < y1 < -+ < ym be a block sequence of
nonzero elements in B(X) N [—~1,1]N. Assume that for all 1 < i < m and for any
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(D, M, 0)-admissible sequence (7, ... ,z}) with maxsupp zj > minsuppy; we have
for all z* € UiZa(zf,...,x;) D;,
€

| < .
[ ( MAax supp yi—1)

(22.1) 2 (9)

Let ¢ € N, z* = f(é) Z; (25 € Ty and y = 3710 cqys with (i) € R so that
x*(y) #0. Set

Then
(2.2.2)

j1 =min{j < ¢:maxsuppz; > minsuppy}.
1
2" W) < gy 12, ()] + maxfas]

70 (-7 v
+min(m_1’€_1)8up{|x st EUDt}

f(0) >k
min(2,£ — 1) . . *
—2 T supd |z (auys)| i <m o, 2t € | ) Dy b+ 2e|(c)]loo
0 p{ i Uk } ]
1 % min(m — 1,6~ 1) sups |z cat
< gl 0+ el € | 21

t>k

+ (i)l

min(¢ —1,1) <1 + %) + 2

+Sup{|x*(yi)| vi<m, 2 e Dt}].

t>k

b) Let (y;)22; € B(X) N [=1,1]N be a block basis of (e;) satisfying

(2.2.3) En = sup{|x*(yi)| i>n, ot e U Dt} — 0

t>n

as n — oo.
Then for all {,m € N and (o;)7" C R we have

(224)  Tm ... Tm HZazym

ni— oo Mo, — 0O

1 - m
< NP b iUn.,
1) n11lgloo n},}gloo H ; i, D

and
(2.2.5)

lim ... lim HE OYn,;
nip—0o0 Nm —> 00

<max{|(ozz)|oo, hm HZazym

Proof. a) We begin by choosing for 1 <i < m, I, C {j1+1,...,£} to be those j’s
for which z7 acts only on y;. For 1 <i<m

[; = {j > j1 :suppa} Nsuppy; # 0 and y;_1 < &} < yis1} -
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We take
Iy = {j > ji : suppa Nsuppys # 0 and 2 < ya} |
In = {j > j1 : supp @ Nsuppym # 0 and ym_1 < 27} .

For 2 < i < m it may happen that there exists (at most one) j; > ji
with minsupp z}, < maxsuppy;—1 and minsuppy; < maxsuppzj, and if ¢ < m,
maxsupp xj, < minsuppy;+1. In this case we take I; = [;. Otherwise, if I; # 0, we
set j; =minl; and I; = I; \ {j;}. Let Iy be the set of all j;’s, i > 2, thus obtained
and note that |Ip| < min(¢ — 1,m — 1). Let I = I;. We thus have

{nyulJno{i<e:aiy) #0}.
i=0
Finally we set

iozmin{igm;f@)g %}

3
and ig = m if the set is empty. Since y,z* € [-1,1]N,

10—1

< Iaxsupp yi, -1
(1) Z Z |J) =~ —eio <e€E.
f0)
JEI
For m > i > g and j € I; it follows from (2.2.1) and the fact that (27,...,27_)

is (D, M, o)-admissible with maxsuppz}_; > minsuppy; that

* € 9
|x](y1)| < f_l (maxsuppyi,l) < f_1 (maxsuppyio)

€ £

<2
¢

where the last inequality uses the definition of ig. Thus

m

(2) Z Zu% Z?@ﬁgﬂ

= 10+1 _]EI 1=i0+1

We are now ready to estimate |z*(y)]|.

T I
lz* (y)| = 7(0) + ( f([)) (Yio) + ([) ](y ioYio)
1
f f Wém; zyz
1 * ) Tz — x;I (E
< sgglen o+ laal |(o - 75 ) i) 15 2 450

D lavig] [} (i) + 2ell (@)oo

j€lo

L1
f(0)
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where the very last estimate follows from (1) and (2). Thus

e, i)

min(m — 1,4 —1)
(3) + supd |z*(y)| : =¥ € | | Dy
1(0) % E{ }

|27, (y)| + max |oy|
i<m

min(2,¢ — 1 N
+ ¥sup{|x (iyi)| ;i <m, ¥ € U }+25|| (@i)]oo -
f(0) et
We have used that if j € Iy, then j > j; and so from the fact that (z7,...,27) is

(D, M, 0)-admissible and max supp zj > minsuppy > k we have that z7 € D, for
some t > k. Furthermore, the “min(2,¢ — 1)” came from

105 € To = 5 (sp) # 0} < min(2,¢ 1)

Continuing, the right-hand expression in (3) is

)l LY
@ <1 (1+ 75 ) @l
1 .
+mm1n(m—1,£ 1)sup{|x st EtL>Jth}
1 i “(y)| i <m , z*
+ g min(2, = Dl o supd o) < egm}
T 20l

(3) and (4) combined yield (2.2.2) (using % <1.
b) To deduce (2.2.4) it suffices to prove that given £ > 0 and m € N

dn1 €NVny >0 30 >n Vng >na... Hﬁm>nm_1Vnm2ﬁm

so that we have
(x) for all £ € N and o* = ﬁ Yi—y @) €Ty and ()" C R,

xz* <Z aiyni> ‘ = H Z QilYn;
i=1
(sx) for amy (as)}" C R

m m
|3 i, < max @, | S aimn
i=1 1=1

To see this, given m and ¢, begin by choosing n; so that

+ (0 +4ell(@)l| o, and

o)+ Tl @l

€
(5) S < 2—7n2 and
(6) if £ € N with : €n, > €, then ! <<
with ——¢5, , — < —.
f0) [y~ m

Assume 711 < nq < --- < 7; < n; are chosen (n; > n; arbitrarily and 7; dependent
on nj_1). Use (2.2.3) to choose n;4+1 > n; so that:
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(7) for any n;11 > 71 and any (D, M, o)-admissible sequence (z7,... ,z}) with
max supp r; > minsupp Yy, ,, and z* € Dy for some ¢ > o(x3,. .. ,x;‘) we have
€
|x*(ym+1)| < f,l (maxsuppyn

)

Now let £ € N, y = ZT ®iYn, and z* = IO 2

=1 :c;‘ € I'y. Let j; be defined as
in a). From the first inequality in (2.2.2) we have (k is replaced by 71)

. ¢ |-77 ym)l
|{E (y)| < f(€)|$] ( )| + ||(Oéz ||oo Hiax] ;1 f(ﬁ)
. +m-m-€m (i) lloo
4

% (@6)lloo + 2¢ll(@0)lloo
<75 )|x )] + (@)oo ben, + 1) loe

where the last inequality uses (5) to deduce m
28,11

2
7 <€ Thus

€n, < € and the trivial estimate

x* —|lyllp + ()|l cce(£ + 4
ThlS Completes the proof Of ( )

To see (xx) let £ € N and z* =

f(e) Z] , @ € Ty so that for y = 31"

1yl = llyllr, < l2*(y)] + ell(@i)lo -

AiYn; s
Case 1. %6&1 <e.

From (8) above we have

2% (y)] < mllyllDJrll(Oéz)lloor%ax Z —L =

L Nl e
Jj=j1+1

EEﬁl
i1+ ) | 7 + 4]

< ﬁnyum () oo - 5
L

FEm >

Case 2

e and hence by (6), ﬁ <

£
m’

Note that

max o

(=) w0

x5, (yi
< e (1 -+ e )
7,§m

f(0)
< l(e) 1o <1+ﬁ>'
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Thus using (2.2.2) as in (8) except for this estimate we have
|

2wl < P12 ) (1 n i) (@)oo - 4

0 70
m 1
< (14715 +4e) (0o

We used ||ly||p < m||(a:)]loo- This completes the proof of (xx). O
Remark 2.3. Lemma 2.2 also holds in the setting where I' = J,,5, I'» and we shall

also use it this way below.

3. THE CONSTRUCTION OF X

Let H C coo N [—1,1]N be a countable set of nonzero elements satisfying the
following three properties.:

(Hy) H is dense in cop with respect to || - ||¢,,
(Hg) If a € H, I is an interval of integers and Ia # 0, then Ia € H.
(Hs) For all n € N, a; < --- < a, in H we have > a;, ﬁzyzl a; and

Ly a; areall in H.
Let M = (M,) C N be strictly increasing with M; = 2. Let
o:{(a1,...,an):MmeN, a1 < - <an, a;, € Hfori<n}—->N
be an injection satisfying the following four properties:

(01) Let n e Nand a1 < -+ < a,, be in H. Let I be an interval in N and suppose
1,J2) ={i:Ta; #0,i <n} #0. Then o(Iaj,,...,laj,) <olai,...,an).
(02) ForneNand a; < -+ < ay, in H,

max supp a, < o(ag,... ,an).
(03) Let I,,(0) be the range of o. Then
1
Z W <00 .

ne€ly, (o)

Cy(o)

In particular for 1 < p < oo
Cplo) = Z n P < oo
n€ly (o)

(04) For m € Im(o) let m and m be the predecessor and successor, respectively,
of m in Im(o). Then, if ¢ € [1,m] U [m, 00),

3
—, f{<m
fm) 1 g minem)] 7@ OS5
2 [S e T e = e

We have made no attempt to give a minimal list of necessary conditions but
rather we have chosen to list precisely the conditions we will use. It is straightfor-
ward to prove that such a set H and function o exist.
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For || - || € M let X = (coo, | - ||). For m > 2 let

1 m
AX = {EZaf:af € HN B(X™) for : <m and aj <---<afn} .
i=1
Set AX = U150 A, AX = U
AX C B(X*). For m > 2 let

AX for m > 2 and 24X = (AX)%_,. Note that

n>m

1 & -
BY = {m Za;‘ (a3, ah) € ANis (A%, M, U)—admissible} .
i=1

Let BX =|J°7, BX and BX = (BX)22,. For m > 1 set

n=2 n /n=2"
1 m
cX = {m ;af (aj,...,a5) € BYis (B%, M, U)—admissible} .
Note that C¥ = B¥X and let CX = J°2 | CX.

n=1"n
In the notation of §2,

BX =T,(A%,M,0) and CX =T,(8% ,M,0) .

Remark. Any element of AX, AX or BX has at least n nonzero coordinates.
Thus this plus (o2) implies that conditions (o,%) and (o, ) hold (see §2). Also
AX BX . CX C [-1,1)N for all n.

Proposition 3.1. There exists a norm || - | € N so that for X = (coo,| - ||) and
all x € cqp,
(3.1.1) 2]l = max([|z]lo, #]lcx) -

Moreover the completion of X is reflexive.

Proof. Define P : N — N by P|z| = max{||Z|co, [|Z||cx.1-1}. To see that P|| - | €
N we need only note that (e;) is monotone for P||-||. This follows from the fact that
if I C Nis an initial interval (I = [1,n] for some n) and 2* € CX (or A, BY), then
for all m > n there exists y* € C;X with Jy* = Iz* and y*(k) = 0if n < k < m.
This easily established fact uses that (e;) is a monotone basis for || - ||.

P is order preserving. This follows from the fact that if | - | < || - || are norms
in AV, then CX:I'1 € ¢XIIl. Thus by Proposition 2.1 we obtain a norm | - || € A/
satisfying (3.1.1).

It remains to show that the completion of X = (cgo, || - ||) is reflexive. To do

this we shall prove that (e;) is shrinking and boundedly complete. If (e;) were not
boundedly complete, then there exists a block basis (x;) of (e;) with |la;]| > 1 for
all i and || >, ;|| < K for all n and some K < co. Choose z} € B(X*)NH with
for all 4, supp 2} C [minsupp z;, maxsupp x;| and =} (z;) > 1/3. Indeed using that
(e;) is a monotone basis for X we can produce y; € X* with ||y} < 2, suppy; C
[min supp z;, maxsupp x;| and y;(z;) = ||;|| > 1. Then we take z} in H N B(X™*)
to be an appropriate approximation of ”Zf,:”. Let ¢ > 1 be fixed. Then a} =
Meto(al)

1 My |« X * 1 ..
35 21 % € Ajy,. We choose a3 = W;)Zi:Mﬁl x; and so forth obtaining

ultimately (a},...,a}) which is 2, M,o)-admissible. It follows that % Zf a; €
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B(X™*) and for an appropriate n
1< u 1 ¢
— Y af T | > —= .
7o 2= | 27 | = 7wy

But this cannot be always bounded by K.

Finally, we prove that (e;) is shrinking. If not, there exists a normalized block
basis (z;) of (e;) and & > 0 so that || Y, a;zs]| > 6>, a; for all (a;) € ¢y (ie.,
a; > 0 for all 4). Using James’ argument [J] that ¢; is not distortable for this
Ef—basis we can, by replacing (z;) by a normalized block basis, assume that for a
given € > 0, | S aiz|| > (1 — &)X ai if (a;) € ¢fy. If C is the weak* closure of
CX U{e: }w, then we may regard X C C(C), the space of continuous functions on
C. Let F = {F C N : there exists 2* € C with z*(z;) > 1 — 2¢ for all i € F}.
F is a hereditary family of subsets of N and has the additional property that, if
(a;) C cdy with >, a; = 1, then there exists F' € F with Y. a; > ¢. Indeed let
z* € C with 2*(Y ajz;) > 1 — ¢ and set F = {i : 2*(2;) > 1 — 2¢}. Then

1—e<m*<2aimi) (1—2e) ZaH—Zaz_ (1—2e) —1—22(1z
¢ F i€l i€l

and so € <), aj.

Ptak’s theorem ([P], see also [BHQO]) yields that there exists a subsequence N of
N so that F' € F for all FF C N. Thus relabeling (z;)n as (z;) we have that for all
n there exists z}, € CX U {e}, }n so that 2 (z;) > 1 — 2¢ for i < n. Now for n > 2
of course we have z; € CX. Suppose that x}, = % Ef b € C’j((n). If {(n) > 2
then since f(£,) > 1 it must be true that bj(x;) # 0 for at least two j’s for each
i < n (provided € > 0 satisfies ﬁ < 1—2¢). Thus if ¢(n) > 2 for all n we have

that £(n) — oo. But then ) (1) — 0 as n — oo, a contradiction. We are left with
the case (passing to a subsequence) where £(n) = 1 for all n and so z} € Cf¥ = BX.
But then z}, € B;fn) where j(n) > 2 for all n and so by the argument we just gave
adapted with minor notational changes, we obtain z7, (x1) — 0, a contradiction. O

Henceforth, X = (coo, || - [|) shall denote the normed space obtained in Propo-
sition 3.1. We shall write A,,, Ay, Bm, Cp, B, C, &, & and B rather than
AX AX . ete.

We can now state the main result of this paper.

Theorem 3.2. Let (y;) be any block basis of (e;) in X. Let (f;)7 be any finite
monotone basis. Then (f;)} is block finitely represented in (y;).

First we reduce the proof to the consideration of a special class of monotone
bases. For n € N let (S™(i,7))._; be linearly independent vectors in some linear

1,7=1
space. For (a(i,j));' ;=1 C R define

k
i<n k<n ZG(Z,])‘
- - i=1

3,7=1 1=

H Z (4,5)S™ (4, 4) H—maxmax

(8™(i,7))f j=1 is a normalized monotone basis under the norm when ordered lexico-
graphically: S™(1,1),5™(1,2),...,58™(1,n),S™(2,1),...,5™(n,n). For fixed j < n,
(S™(i,7)) is 1-equivalent to the usual summing basis of length n.
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Proposition 3.3. If for all n € N, (S"(i,j))} ;= is block finitely represented in a
basic sequence (y;), then every finite monotone basis is block finitely represented in

(i)

Proof. Let (z;)i~, be a finite monotone basis for a space Z. We may assume that
Z is a subspace of (1, for some n. For i < m write z; = (2(4,7))j=; € lL, ie,
zi(j) = z(i,4). For i < m set w; = Z?zl 2(i,7)S8™(i,5). We claim that for all
()7 C R,

IS
i=1

m
= H Z biz;
i=1

n
ZOO

Indeed since (z;)7" is monotone,

n
= max max
¢ k<m j<n

m k
szizi Zbiz(l}j)‘
i=1 > i=1

_ H Em: znj biz(i,j)S(i,j)H = H i biw;
i=1 j=1 i=1

k

:maXH E biz;
n, k<m || 4 7
i=

O

Thus we are reduced to proving that for all n, (S™(i,7))7;—, is block finitely
represented in every block basis of (e;). Next we state our Main Lemma and show
how it yields the theorem. The Main Lemma will be proved in §4.

Main Lemma 3.4. Let Y be a block subspace of X. Then there exists a constant
C=C(Y)>1 so that for all € > 0 there exists mg € N with the following property

().

(¥) For any k € N, § > 0 and m € Im(o) with m > mg and % < & there exists
y € Y with the following properties:
a) e <y.
b) |yl <C.
c) there exists y* € By, with e, < y* and y*(y) > 1.
d) 1) |lylla, <e for all ¢ € N with £ > my,
ii) |lyllp, < e for all £ € N with £ € [mg,m] U [m, 00),
where m and m are the predecessor of m and successor of m in I, (o).
e) i) If (z7 < .-+ < ) is (U, M,0)-admissible with maxsuppzj >
minsuppy, then

|z*(y)| < & for all z* € U A,

m>o(xy,... ,x5)

ii) If (y1,. .. ,y;) is (B, M, 0)-admissible with max supp y; > minsuppy,
then

|z*(y)| < & for all y* € U B,,.

m>o(yt,... y})
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Before proving Theorem 3.2 we present an elementary but often used lemma.

Lemma 3.5. Ifx1 < -+ <z, is a sequence in B(X), L €N, £ > 2, then

m 1 /4 kj
[ e, = g ] 3 =
1= J=

i:kj71

:1§k0§k1§"'§k€§m}

k;

E’
1
§1+Zmax{ 1H Z T;

J=1 i=kj_1+1

0<ky<ki < - <kp<m

where £/ < min(¢, m)}

Proof. Let z* = %Zﬁzl x} where 27 < .-+ < zj are in B(X*) N H and set x =
S x;. Let kg =1 and for j > 1 set

kj =min{i > 1 : maxsuppz; < maxsuppz;}

if such an 7 exists and k; = m otherwise. Then 1 = ko < k; <--- <k, <m and

|f@bﬂ§¥wﬂ=ﬂi(§j%mm
j= J=1 Ni=kj_1
1| &
3] > =
1 V4 14 k;
Szbzmw”+ > X ”}

0" < min(¢,m),

j=1 i=k,_,+1

0§k6<k’1<~-~<kg,<m}. O
Corollary 3.6. Let 1 < p < oo, k € N and let x € X be an é’;-avemge with
constant 2. Then for £ > 2,
llla, < k7720710

Proof. Let = k=1/? Ele x; where 7 < --- < x} is a normalized sequence 2-
equivalent to the unit vector basis of E’;. By Lemma 3.5 there exist 0 < kg < k1 <
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- < kg < k for some ¢/ < min(4, k) satisfying

o k;
_ 1
lela, <k 14530 X @
j=1 i=kj_1+1

e/
<ETYP TP T 2k — k)Y
j=1
< kY o TR [ 0 P
< kYR o /ppi=tppt/e
= kP o0 tr
We have used the concavity of the function #'/? to obtain the third inequality. O

Proof of Theorem 3.2. Fix n and a block basis (y;) of (e;) in X. We shall prove
that (S"(i,7))7 ;=1 is block finitely represented in (y;). Let € > 0 satisfy

1
v = (){ L:|<1With25<’}/.
Let C be as in Lemma 3.4 for Y = [(y;)]. We next choose k, ¢y, € N and ¢ > 0 to
satisfy
f(k) f(k)
1 1-— d —
(1) f(nk)> € an Gan <e,
4Cn3k?
2 —— <&, and
. 7(to)
(3) 6€0kn260 <é€.

Then we let mg > My, be given by Lemma 3.4 for €9/2. Let P = {(i,7,5) :
1<4,j7<mn,1<s <k} beordered lexicographically. Using (*) in Lemma 3.4 we
will recursively choose for each (i, j, s) € P a block y(i, j, s) € span(y;), y*(¢,7,5) €
X*Ncoo and an interval I(i,7,s) in N and m(i,7,s) € N to satisfy conditions
(4) (1)

(4) suppy(i,j,s) € I(i,],s), suppy*(i,j,s) C (i, j,s), and I(i, j,s) < I(¢', ", )
e g

i,7,8) € Bm(” s) and for each j < n the family (y*(4,7,$))i<n, s<k 1S

(8) ) (i g.0) 3 g ol i) 2 (1,11 them (3. 8) = o5 (r3,8) - 03,8) <
)l

1 2

8 1 (EL maxsupp y(i', j, 5/))
where (i, ") is the predecessor of (i, s),
b) m(i,j, s) #m(r, L, t) if (i,7,s) # (r,¢,1).

(9) ly(i, 4;8)l|a, < &0 if £= mo,

(10) |ly(i,7,8)|lB, < €0 if £ € [mg, ] U[m, 00) where m and m are the predecessor
and successor of m(3, j, s) in Im(o).
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(11) If (i,s) # (1,1) and (¢, ") is the predecessor of (7, s), then for any (B, M, o)
or (2, M, o)-admissible sequence (z7,...,x} ) with
max supp z;; > minsupp y(i, j, s),
then
|z y (i, §, 8)| < 1 =0 forate | (BUA).
fil (5 maxsupp y(ilvjﬂ S’)) t>o(xy,... ,z;o)

Let (i,7,s) € P and assume that y(r,¢,t), y*(r,¢,t), I(r,£,t) and m(r,¢,t) have
been selected for all (r,¢,t) < (i,7,8) so that (4)—(11) are satisfied for all such
(r,£,t). Furthermore, assume that by letting

m(i, j,s) = o(y*(r,j,t) : (r,t) < (i,5))

(take m(1,1,1) = myg) (8) is satisfied as well for (i,7,s). We will have to choose
y(i,7,8), y*(i,4,8), I(i,4,s) and m(i”,5",s"), (i",7"”,s") being the successor of
(4,7,5), so that (4)—(11) are satisfied and so that (8) is satisfied for (i”,j", s").

We then apply (*) of Lemma 3.4 for the following parameters. If (i,j,s) =

(1,1,1) we let k = k(1,1,1) = mg. Otherwise set
k = k(i, j,s) = maxsuppy*(io, jo, s0) V maxsuppy(io, jo, s0)

where (49, jo, So) is the predecessor of (i,7,s) in P. If (i,s) = (1,1), we take § = &g
and mg < m = m(i, j,s) € Im(o) to satisty % < % and to be distinct from all

m(r, £,t)’s previously chosen. If (i,s) # (1,1), we take

€0

6 =
1 (% max supp y(4’, J, 8’))

where (i’, s') is the predecessor of (i,s) and m = m(i, j,s) = o(y*(r, 4, t) : (r,t) <
(i,8)). Note that in this case we have by our hypothesis (8) that % < ¢ and so
(*) of Lemma 3.4 does apply to these parameters:

(65 mo, k767 m) = (50,7’710, k(lajv 8)7 5; m(i7j7 S))

We thus obtain §(7,7,5) > ey j,s) Which satisfies ||§(7, 7, s)|| < C and both (9),
(10) and (11) hold for §(i, j, s) replacing y(i, 7, s).

Furthermore, there exists y* € B,,(; ;) (and thus infinitely many such y*’s) sat-
isfying y*(g(3, j,s)) > 1 and y* > e,”;(i’jﬁ). In particular, we can choose y*(i, j, s) €
B (i,j,5) to be one of these y*’s so that, in addition, if (i,s) # (n, k) and (i",s") is
the successor of (i,s), then m(i”,j,s") = o(y*(r,j,t) : (r,t) < (i,s)) also satisfies
the condition in (8).

We then set y(i,7,s) = % and 1(i,7,s) = (k(i, 7, s), max supp y(i, j, s) V
maxsupp y*(i,J,s)). This completes the construction of the y(i,j,s), y*(4,7,s),
1(i, 4, s) and m(i, j, s) satisfying (4)—(11).

For 1 < 4,5 < n define y(i,j) = @ Z§:1 y(i,7,5). From (4) it follows that
{y(i,5) : 1 < i,j < n} is a block basis of (y:). Let (a(i,7))ij<n € R with
[>2;5a(i,5)S"(i,7)| = 1. We shall first show that for y = >, ;a(i, j)y(i, j),

lyll > 1—e. Fix jo,¢ < n with 1 = Zle a(i, jo) (if the sum is —1 we replace all
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a(t,7)’s by —(a(i,j)). Define
1 Lk .
y = %;;y (4, Jo, 8) -

By (7) we have y* € Cy;, and furthermore

L) S

=-—<>1-¢

- f(lk) K f(tk)
by (1). It remains to prove that ||y <1 +e.

Claim 1. Let 2" = 7 )Zt 12f € Cp with > 2. Then
le*(y)] < 1+e or [z*(y)| <[yl -
Case 1. r > 4.

For j < n, the family {C~'y(4,7,5) : i < n, s < k} satisfies the conditions of
Lemma 2.2a) for (k,m,e) = (mg, nk,eo) and (D, M,0) = (B, M, o) or (A, M, o).
Since ||(a(i,7))||oc < 2 we deduce from the second inequality in (2.2.2) that for
j<n.

"t 1 min(r, kn)
‘ZZa i,7)x*y(i, j, s )‘ < ——2Cnk + ———~—=2Cnk

2.2 7o) 70
1
+2C {14——4—26 +1]
fry "
1
——4Cn?k? 4+ 6C .
f( )
It follows that since r > £y
f n n k
|(E S TZ‘ZZG(ZaJ)x*y(Z7]7s)‘
j=1 1i=1s=1
4Cn3k?  6Cnf(k
I8 oo <yl

< +
f(r) k
by (1) and (2) and our choice of € and +.

Case 2. r < {.

For t < r let 27 € By,,. It may be that m; = m(i,j,s) for some t > 1 and
(i,7,8) € P with (i,s) # (1,1). In this case let t; be the maximum of such #’s and
note that

my, = o(x],... x5, ) = m(i1, j1, 51)
for some (i1, j1,$1) € P with (i1,s1) # (1,1). Also then

me, = o(y*(i,51,8) : (4,8) < (i1,81)) -
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By the injectivity of o we deduce that

(LET, 7mr1—1) = (y*(]-vjlv1)ay*(17j172)a"' 7y*(i0aj1;30))

where (ig, sg) is the predecessor of (i1,$1). Furthermore m; # m(i, j, s) for all
(i,4,8) € P and my > my, > mg if ¢ > t;. Thus by (10) we have that for all
(i,7,8) € P, |xf(y(i,7,8))| <egif t >ty or if t =¢t; and (4,4, s) # (i1, J1, $1)-

From these observations we obtain

i0—1 50
|z* (y)] < % ; a(i, j1) f(k) + alio, j1 Sz:; fgf

1, 1N e

+ WMM(?J” + 70 t:%;rl |27 ()]
i0—1 i0

< max{ Z a(i, j1)|, Za(i,jl)‘

i=1 i=1
1, L f(k)

+ WM&(?JM + m o 2. n2k507”}-

The first term in the last inequality is obtained by noticing that if ig > 1, then
necessarily r > k while if i = 1, then

L& (k) f(R)so _ f(k)so
52Tk T 0k = ok

since T > sg. The latter is not bigger than 1 since sy < k. Thus

w0l <1+ 5 L Bat i)
1 2f(k) , 2n2eor f (k)
T kT T
1 [20f(k)

1+ o) t 2n? f(k)eo 4+ 2n2 f(k)eor

< 14e¢e using r < £, (1) and (3).

It remains to check the case in which for every j € {1,... ,n} and every ¢t > 1,
m¢ # m(i,7,s) whenever (i,s) # (1,1). In that case we obtain from (10) for
je{1,...,n} that |xfy(i, ,s)| < eo whenever (i,s) # (1,1) and ¢ > to where ¢
is the smallest ¢ for which maxsupp zj > mg (note that my,41 = o(27,... 2} ) >
max supp xy, > mo).
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Thus we get
* —Lx* rm* nai'@k i,7,8
=01 = 75 i)+ 3 <Z_ (NS WET)
W9l o2, )0
< TR
Uyl o 2p 1 0
=0y TR
éﬁ)mynm, by (3)
<Ayl

by the choice of v and the fact that ||y|| > 1 — e. This completes Claim 1.
Claim 2. Let z* = ﬁ Sy xf € By with 7 > 2. Then |2*(y)| < 7|yl

Indeed the case r > ¢y is handled exactly the same way as Case 1 in Claim 1. If
r < £y let to € N be minimal so that maxsupp zj, > mo. Let z} € As,. For t > 1o,
st > myg by (02) and thus by (9), |z;y(s, j, s)| < o for (i,7,s) € P. Since e, <y
we deduce, using (3), that

Wl 1o, f(R)
z* < + lon’k €
()] < SR 4 otk e
lyll +¢
—— <l -
o <l
By the definition of || - || in X we obtain [|y|| <1+ €. O

The proof of Theorem 3.2 yields the following corollary. Recall [MMT] that, if Y’
has a basis (y;), n € Nand (z;)} is a normalized monotone basis, then (z;)7 € {Y},
ifve>0

Vki 30>k 3z €span(y;) V ke > 6 3l > ky I 22 € span(y);2 ... YV ky
>l 3y >k, 2y € span(yi)i’; with (2;)7 1+ e-equivalent to (z;)7.

Corollary 3.7. For all block subspaces Y of X and for all n, {Y'}, is the set of
all normalized monotone bases of length n.

4. PROOF OF THE MAIN LEMMA

Since the proof of Lemma 3.4 is quite technical, we first outline the argument.
Let Y be an arbitrary block subspace of X.

Step 1. We first show that for some 1 < p < oo, £, is block finitely represented in
Y. Indeed Krivine’s theorem insures that there is a p € [1,00] so that £, is block
finitely representable in Y. Secondly, we will observe (Lemma 4.1) that if p = oo,
then blocks of certain /..-averages will produce for a given £k € N and ¢ > 0 a
sequence of length k which is (1 + ¢)-equivalent to the £§-unit vector basis.

Step 2. Let 1 < p < oo be as found in Step 1. We first estimate the || - | g,- and
I - ||a,-norm of linear combination of certain ¢p-averages (Lemma 4.3). Then we
consider a sequence (y;), where y; is an Z’;i—average of constant (1+¢;) with k; T 0o
and €; | 0. Let E be a spreading model of a subsequence of (y;).
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Either ¢ is block finitely representable in E. In that case we will (Lemma 4.5)
not only deduce that ¢y is block finitely representable in [y;] but also that we can
choose for any € > 0 and k € N an ¢ -average = of constant (14 ¢), so that for any
(Q~l, M, o) admissible sequence (z7,...,x}) with maxsupp(x;) > minsuppz and
any z* € U;sp (s ) A; we have |z*(x)| < 14 e. This last condition says that =
is a “good (% -average” but for k' > k (where “k’ > k” depends on minsuppz) =
is a “bad Ei—average.” We will call such a vector = a special ¢X_-average of constant
1+e.

If ¢y is not block finitely representable in F, then for some 1 < g < o0, ¢, is block
finitely representable in E. In this case we will be able to find a sequence (z) in
y consisting of increasing £4-averages. Furthermore, (zj) satisfies the assumptions
of Lemma 2.2(b) with (D, M,d) replaced by (B,M,o) as well as by (U, M, o).
Applying Lemma 2.2(b) will give us that by replacing p by ¢ and (yx) by (zx) we
find ourselves in the first case.

*
1w

Step 3. Now we consider a spreading model of a sequence (y,,) consisting of special
(kn_averages of constant (1 + ¢,,), where k,, T oo and &, | 0. Once again we have
to distinguish between two cases.

Case 1. Up to passing to a subsequence we find a C' > 0 so that

m
lim lim ... lim ——= E Yn,
n1—00 N2—00 Ny —00 M, 1 )
1=

<C,

for all m € N.

Case 2. Up to passing to a subsequence of (y,) we find ¢; | 0 and my T oo in N so
that

Fmi) |5
T .o T ot 22| Sy, [ = 1.
Mk s=1

ni1—oo n-,”kHOO

In the second case we let (z,) be a block sequence of the form

) 2
Zn = Cng Z Yk(n,s)

m
noos=1

and observe that (z,) satisfies the conditions of Lemma 2.2(b) for D = 2 as well

as for D = B, and deduce that ¢ is a spreading model of a subsequence of (zy,).
Taking a block sequence (g, ) of the form

kn
Yn = Z Zm(n,i)
i=1

with k,, T oo we will observe that (g, ) satisfies the hypothesis of Case 1. Thus we
can assume Case 1 to be satisfied.

In that case we will show that choosing C(§) = C and letting € > 0 and taking
myg sufficiently large we can choose for any k € N, § > 0 and m € Im(d), with
m > mg and % < %, a vector y € Y to be of the form

ICORS
y - m ; y’nl )
in order to satisfy the claim of Lemma 3.4.
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We begin with an easy but important result.

Lemma 4.1. Let (y;) be a block basis of (e;) in X. If ¢y is block finitely represented
in (y;), then so is £y.

Proof. Given n fixed we may choose a normalized block basis (z;)}_; of (y;) along
with functionals =] € A,,, so that
) of <ah<---<af;xf(z)>1/3and zf(z;) =0for 1 <i#j<m
ii) forall 1 <k < kg < -+ < kg <n and all choices of sign +
(£, 28, 2),) I8 (A, M, 7)-admissible.
Indeed each z; will be a (14 ¢) — 2 normalized average for suitable m; and
small e. Thus if (¢;)f CRand 1 <k < --- < ky < n and &; = sign a; we
have z* = ﬁ Ele iy, € By and

¢ ) ¢ 1
Hzl:aixk"'} >z (;aixki) > W;W' .

From James’ proof that ¢; is not distortable we obtain that ¢; is block finitely
represented in (y;) [J]. O

From Lemma 4.1 and Krivine’s theorem ([K],[L]) we have

Corollary 4.2. If (y;) is a block basis of (e;), then there exists p € [1,00) so that
£y, is block finitely representable in (y;).

Lemma 4.3. Let1 <p<oo,0<e<1andleN. Let (y;) be a block basis of (e;)
and let k1 < -+ < kg satisfy:

(4.3.1) For1<i</{,y; is an Z’;i—avemge with constant 1 + €.
132) ; BT | 200426,)
o 10¢ - € ’

and fori=1,2,... £ —1,
e 1 :
5f(k¢f{) > |suppyl -
s=1

Then for (a;)§ C [-1,1)%, y = Zle oy, and m > 2,

1
(4.3.3) if ¥ =——=)>) 7€ By,
Fom) 2
2
1 ( e2k1/P
max |3 (y)| +¢), m < :
o ()| < § S Na=m Lo
- Ezk%/p
max |a;|(1+¢€) +¢, > o7
2
1 62]{:%/10
_ W(HZJH‘FE) ; mS o
= 2251/
max |o;|(1+¢e)+e, m> 1&
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(4.34) For a* = L3 a7 € Ay,
. 1/p
" (9)] < el [ P (2 ]

+ %max{z H Z ;Y

Jj=1 4€E;

A <min(l,m)E; < --- <

Ey are intervals in {1,. .. ,E}} .
Proof. Let z* f(m) S @ € By, where 7} = = Z; L x* (i, 5) € A,

Case 1. m < EQki/p /10¢.
Let jo € {1,2,... ,m+1} be maximal so that Zqozl |suppx*| < Ekl/p/Z Thus if

. Thus by Corollary 3.6,

Jjo < m from (o2) we have mj,+1 > E 2, [supp z

m 14 m
IORAZED DD SR
Jj=jo+1 =1 j=jo+1
</{Im [k‘fl/p + 2mjol+/ﬂ

<tm [k,l—l/p +92. 21/11671/13]%.1—1/1)2}

< 5€m571k1_1/p2 <e/2.

Also,
Jjo—1 jo—1
Do le @)l < Y [supp | [lyllos
j=1 j=1
Jo—1
< kfl/p Z |supp 7| < €/2
j=1

by our choice of jy and the fact that

Ylloo < max [[yi o < maxk:_l/p gLV
1

Thus

2% (y)] < |25, ()| + ¢ .

1
(m)
Case 2. m > €2ki/p2/106.

Choose ig € {1,...,¢+ 1} maximal so that

i0—1
leuppyz|< ()

Then
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Also, by (4.3.2) if ig < £,
ef(m o €.,1
T) < Z | SUppyi| < §f(ki0/f1)
=1

which yields m < k;z Y1 If ig < i < ¥, we have

m

1 _ _
|z* (yi)| < Z| (m) (k; 1/p +2m; l/p)
Jj=1
by Corollary 3.6 and in turn by (03) this is
1 —~1/p 1
< — : -

_f@m[mhﬁl+2q4 oy + 26
1 €
< ———[1+2C,] < =
F(2k7" J100) o

where the last inequality follows from (4.3.2).

Thus |z* (Zz —ior1QiYi)| < /2. We obtain |z*(y)| < e + [2"(iy¥i,)| which
completes the proof of (4.3.3), since ||y;, || < 1+e.

Let z* = %E?xf € Ay and let 1 =ng < ng < --- < ngqq so that suppy; C
[ni,mip1) for 1 <4 < € and ngyq > maxsuppazl,. For 1 < i < ¢ define I; = {j :
suppz; C [nj,niy1)} and m; = |[;|. Note that Zle Mo < 1 If I # 0, then
mL > jer, Tj € A, and so by Corollary 3.6,

} Zx oY) = mzmiz} ZOUJ*(%)

JEIL;
§m%”“ﬂmvmm.

|ovi

i=1

L
| <X 423 B

i=1 jeI; i=1

m;
<max|a9| l/p—l—ZZ —m 1/p
i=1
If m </, then we use the estimate,

14

E /@m-ﬁl/p<maxm Ur < q
- m i<t -
i=1 I;#0

If m > £, then by Holder’s inequality,

_Z 1-1/p (Z/ 1p>1/1’<z‘:,mi)1—1/p

i=1

1 1/p
< &ml—l/p - £ .
- m
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Thus

14
O DOECHN

=1 jel;

3 in(f 1/p
—— lkl V. <M) ]
s</t m

Let Ip ={1,2,...,m}\ Ule I; and ¢’ = |Iy| < min(¢, m). Then for an appropriate

choice of k1 < -+ < kp and intervals By < -+ < Epy C{1,... ¢},
o o
PNCTOIED I RS R
j€lo j=1 j=1 ic€E;
Since
v
> lak, | lye, || < min(f, m) max fag|(1 +¢) |
j=1 =

(4.3.4) follows from these estimates using that

,
@)l < -3 )|+ 3 e - O

=1 jel; j€lo

Remark 4.4. By Corollary 4.2 for every block basis (z;) of (e;) there exists 1 < p <
o0 50 that for all ¢ > 0 and ¢ € N there exists a block basis (y;){_, of (x;) satisfying
(4.3.1) and (4.3.2).

Lemma 4.5. Let (z;) be a block basis of (e;), € > 0 and k € N. There exists
x € span(z;) so that

(4.5.1)  is an (% -average with constant 1 + ¢, and

(4.5.2) if (z7,...,2}) is (QI,M, o)-admissible with max supp x} > minsupp z, then

|z*(z)| < e for all z* € U At .
t>o(zy,... 773;)
Proof. As in Remark 4.4 there exists 1 < p < co and a block basis (y;) of (x;) and
a subsequence (k;) of N satisfying for ¢; = ¢/2¢,
(4.5.3) for every i, y; is an E’;"'—average with constant 1 + &;;
(454) forfeNand £ <ny <--- < ny:
2

a) f(knl? e2/100) > 20(1 +2Cy) fzo,

b) % f(knlZ)) > i, [suppyn,| for 1 <i< ¢,

¢) (y:) has a spreading model (7;) satisfying for (a;)§ € [—1, 1],

‘ ‘
‘ H E QiYn, || — H E ;s
i=1 i=1

Indeed we first choose a sequence (y;) satisfying a) and b) for all subsequences
and then pass to a subsequence satisfying c).

‘<E[. O

Case 1. ¢ is block finitely representable in (g;).

Using c) we can thus find N so that if N < ny < --- < ny, then there exists a
normalized block basis (w;)¥ of (y,, )Y which is (1 +¢)-equivalent to the unit vector
basis of /% Thus z = Zlf w; is an (¥ -average with constant 1+4¢. Now we do this
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choosing n; so large that k, 1/p < ¢g/6 and if (27,...,2}) is s (A, M, o)-admissible
with max supp =} > minsupp y,,, then o(z73,..., j) (24/)PN.

We can write z = Zf, a;yn, for some (o) C [-2,2]N. Let m > (24/¢)P N and
let z* € A,,. From (4.3.4) we obtain (we may assume /24 < 1),

|z ()|<2[7€ 1/p+4<g)1/p]+%<2{6+2]+%<5.

If Case 1 fails to hold, then by Krivine’s theorem ([K], [L]) we have

Case 2. £, is block finitely represented in (g;) for some 1 < ¢ < co.

In this case we produce in (y;) a block basis (z;) of él(;;—averages with constant
1+ ¢; satisfying &k 1 oo and for all £ <ny < --- < ng:

a) f(kl, MTe2/100) > 2001 +2C,) /e,

b)" & f(k n7+11/q) > Ei:l | supp zp,,| for 1 < i < ¢ where supp(z,,) is w.r.t. (yt)
and

Ni

Z a(i .7 Yn(i,j)

for some N; < n(i,1) < --- < n(i, N;). The latter yields by (4.3.3) that for
i,m € N and 2* € B,,,

|z*(2)] < (lzill + &) + i + (1 + &;) max{|a(i, j)| : 1 < j < N;} .

1
f(m)
Since z; is an [g’/"—average in (ys) with k} — oo and ¢ < oo, it follows that

lim sup{|z*(z;)|:¢,m>n, 2" € B,} =0.
n—oo

Thus the hypothesis of Lemma 2.2b) is satisfied with D, M, o replaced by B, M, o
and y; replaced by Hi_l\ — 1. Hence for all (o;)% C R,

j<l nj—o00 ng— 00

4
lim ... lim HZaizm gmax{||(ai)|oo,max lim ... lim HZO”Z"’
np—oo nyg—00 =1 Z:]

But by (4.3.3), which applies, due to a’) and b’),

1
< ; —_—
- max{|(ozz)|oo, 70 nll n%zlgloo ’ Zazzm

which together with the above inequality implies

}

lim ... lim ‘ E O 2,
ni— 00 ng—oo|| 4 1 )
1=

[l (i)lloo -

lim ... lim ’E O 2,
ni—oo ng—00

The lemma follows by this and (4.3.4) if we set z = Zlf Zn; /[ ||2n; || for a suitable
choice of n1 < -+ < ng.
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Proof of the Main Lemma 3.4. By virtue of Lemma 4.5 we can choose a block
sequence (y;) in Y along with sequences ¢; | 0 with £; < 1/2 and a subsequence
(ki) of N so that conditions (1) and (2) hold for all ¢ € N.

(1) a) y; is an £¥i-average with constant (1 + ;).
b) If (z7,... ,x;‘) is (A, M, o0)-admissible with max supp x7 > minsuppy;,
then

|x*(yi)| < e; forall z* € U A,

m>o(xy,... ,z;)

c¢) There exists (y) C B(X*) N A with suppy} C [minsupp y;, max supp ],
yi(yi) > 1/3 and y;, | € Ag,, where ki1 > o(yi, ... ,v;)

i1
E4
gi41 )"

(2) & maxsuppy; < f (

€4
Note that any subsequence of (y;,e;, ki)n also satisfies conditions (1) and (2) (for
condition c) this uses (07)).
Let me N, m <ny <+ <Ny, set x; = yn, forigmandx:ZTxi.
We first obtain estimates for ||z|| 4, and ||z||p, for £ > 2. From Lemma 3.5 and
the fact that [|z;]| < 1+ &, for i < m we have
) {+m

m
(3) lolla, < (1 +e) (1+5) <2—— .

From (1) b) and (2) and the fact that ¢; | it is easy to check that Lemma 2.2 a)
applies for € = ¢, and D = A, k = m (and y; in Lemma 2.2 replaced by l-fsm)
We obtain from the second estimate in (2.2.2) that

||='EHA / min(& m)
T < su £ sup ||z|la,,
| ”B‘*z'z% f() f(0) Z’ZEnH I,

1 2
+ (A +en) |14+ = +2em + —
WM T
We have used that 7 € A; for t > My > £if (x7,...,2}) is (A, M, )-admissible
to obtain the first term.
Thus since supy s, [|#]|4,, < 4 by (3) we obtain, using e,, < &1 < 3,

[lla, , omin(f,m)

) lellse < s 75 97 T3

Let (g;) be a spreading model of a subsequence of (y;). It may be that for some
constant C' we have that C(m) = %H S Gill < C for all m. If so, then by
passing to a subsequence of (y;) we may assume that we have

Case 1. Forallm <nj < -+ < ngy,
f(m)H .

In the remaining case we have lim ,,,C'(m) = oo. Select a subsequence C(m,,) T oo
with for all n, C(i) < C(my,) if i < m,. Thus

C(rlnn) f(n»bmnn) ‘;%H =1

<C.
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and if m’ < my,, then

C(rlnn) f(:;/) \zlijH <1

Set ¢, = C(m,)~!. Thus ¢, | 0. Hence if Case 1 fails to hold we have

Case 2. There exists a block basis (z,) of (y;) where

) 2
Zn = Cng Z Yk(n,s)

m
noos=1

for some my, < k(n,1) <--- < k(n,my) and ||z, || is chosen so that | [|z,|| — 1] < &,
and if F & {1,...,my}, then

(5) H Z Yk(n,s)
sEF

We return now to Case 1 and complete the proof of Lemma 3.4 in this situation.
Let e > 0. Choose my so that (as usual m and /m are the predecessor and successor
of m in Im(o))

S

¢ flmo) e
(6) T T e S
(7) sup C f(m) < g , and

ez f (i)
() Sup{f(m) min(¢,m) . mEe Im(q) , m:Z mg and } €
m f(¢) L € [mg, M| U [m, o) 36

where (04) is used to get (8).
To verify (*) of Lemma 3.4 we let kK € N, § > 0 and m € Im(o) with m > mg and

% < %. Choose ng > max{k, M,,} so that if (z7,... ,2}) is (A, M, o)-admissible
with maxsupp x} > minsupp yn,, then o(z3,...,x7) > m while if (27,...,2})
were (B, M, o)-admissible with max supp #; > min supp yn,, then
. . 20f(m)
(9 flota,.. a5 > 221
Choose ng < ny < --- < nyy. Thus, by Case 1,
f(m')
(10) HTZC"" <Cfor FC{l,...,m}, |Fl=m'.
sEF
Define y = % > Yn,- We have ||y|| < C and e, < y. Also by (1) ¢), (o1)

and the fact that ng > M,, there exists y* € B,, with e < y* and
* L fm) 11
VW) > =) =3
() flm) m ; 3 3
We have verified a), b) of Lemma 3.4 and ¢) with constant 1/3 rather than 1.
However this “weaker result” will formally imply the stated version. It remains to
check conditions d) and e).
Condition d) i) follows from Lemma 3.5 and the choice of mg. Indeed for £ > myg
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N

m m) 1 a Cm;
ol < 20 S L {gﬁ

A e m}
Z_

m Im Z’<m1n
fim) , st
mn f (mm([ m))

We have used the concavity of z/f(x) along with (6), (7), (10), ||ly:|| < 2 and the
fact that m > my.
Let ¢ € [mg,m] U [m, 00). From (3)

RPN )

C . fm)min(t,;m) | 3f(m)
R G

0 <min(l,m), my+ -+ +mp = }

<2

f
lylls, < <

(using (10), (6), (8) and m > mg, £ > myg). Thus d) ii) holds.

If (27,...,7}) is (A, M, 0)-admissible with max suppj > minsuppy, then our
choice of ng implies that o(z7,...,2}) > m. Furthermore for £ > m from (3) we
have
m) {+m m

(1) Iolla, < L2 < (S0 5.
m L m

Thus (e) i) of Lemma 3.4 holds.

If (y7,...,y;) is (B, M, 0)-admissible with maxsuppy; > minsuppy, then for

> o(yy,... ,y;) it follows from (4), (9) and (11) that
5 flm) ., f(m)
yllB, < +9 +3 <9d.
e =5+ 7@+

Thus e) ii) holds.
Now let (zy,) be as described in Case 2 above. For £ > 2 by Lemma 3.5 and (5),

(12)

2¢p, f(may
e, < 2 )
Z/
Cnf(mn) kj ’ .
B — : < . , =
+ i, max{]z_:l T ¢ <min(l,my) , k1+ -+ ko =m,,
QCnf(mn) + f(mn) My
- m Im My
" " f (min(é,mn))
N chf(mn) + f(mn) _ l
n m My Y4
" ef (min(ﬁ,mn)>

as n — OQ.
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Furthermore, from (12) we obtain,

(13) llim sup{||znlla, 1 n, 0 >i}=0.
For ¢ > 2 by (4)

1 f(my) min(¢, my,) f(my)
(14) [znllB, < (1 + 5n)m +9¢n o 70 + 3cn —

where we have used
lznlla, < llznl]l <14ey .
It follows that we have, using ¢, — 0,
(15) Jim sup{|lzn, : 602} =0.

Hence Lemma 2.2 b) applies for D replaced by either 2 or B (we do not have
|zn]l < 1 but rather ||z,| — 1 which suffices). For all k and (a;)F C R

= [l(@i)lloo -

ni— o0 ng— 00

k
(16) F((e)") = Tm ... Tim HZakzm
i=1

We prove this by induction on k. For k = 1 the result is obvious. Assume that
(16) holds for k¥’ < k with k > 1. From (2.2.5), applied twice,

} |

F«a»%><nmx{n«umunl' . Tm \Ejawm

nj—00

np—00

§max{||(al)||oo, ... lim HZazan

By (13) we see that there exists k' < oo so that

lim ... lim H E QizZn;|| = lim ... lim H E Qi Zn,
n1—00 nk—o0|| 4 1 1A ny1— 00 ngp—o0 || 4 1 )
1= 1=

U?l=2 Ae .

There exists 2 < £ < k£’ so that this

1=
From Lemma 3.5 this limit is not bigger than

T &
nlﬁgoo ... nEEEJ Z H Z O 2,
Jj=1 i=k‘7‘_1

for some 1 < kg < k; < --- < ky < k. Thus from the induction hypothesis this is
in turn either < ||(cuz)||C>o 1f k; € (1,k) for some 4 or otherwise,

(-1 1
< @l + 7P (@)

In the latter case Z2 F((ci)f) < 52 |(%) || and so we deduce that (16) holds (the
upper oo-estimate implies the lower one).
Using (16) we can construct a block basis (7,) of (z,) of the form g, =

Zf;l Zm(n,i) for some k, 1 oo and k, < m(n,1) < --- < m(k,k,) with 7, be-
ing (essentially) an ¢%»-average. There is a slight difficulty in that ||z,| — 1 as
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opposed to ||z,|| = 1 but we shall ignore this trivial obstacle. We may presume

that for some ¢; | 0,
(17) for i € N:

a) ¥ is an (*i-average of (2) with constant 1 +¢;.
b) If (27,...,27) is (A, M,0) or (B, M,o)-admissible with maxsuppaz} >

s
min supp ¥;, then

|2*(5:)] < &; for ™ € U auv U B.

t>0(2f,... 27 t20(@f, . x%)
c) There exist y; € Ay, with
* [ — 1 * *
yi (9i) > 3 and ki1 2 o(yi,-.,57) -

Part b) is achieved via (13) and (15). Also (17) ¢) yields that:
(18) If My, <my < -+ < Ny, then
_m

m ~ m ~ 1
H;yrm Z H;ym, B, g f(m) .

We can also assume the following growth condition.

(19) a) 1—51—ﬁ>0,and

. &q
b) fori e N, ¢;41 < !

if-1 (l max supp g )

i

Conditions (17)—(19) yield that conditions (1)-(4) hold for the sequence (¥;)
replacing (y;). We shall now show that the sequence (g;) satisfies, for some C, that
for all m there exists ng so that if ng < ny < -+ < ny,, then || 37" ¥, || < C’%
Thus we return to Case 1 and the proof will be complete.

Choose mg so that

4 8/ (mo)

Mo

(20) a)

<l—¢1,

f
1
b) (1 + 2ep, + (2)> (14 em)+eme <2, and

c)

>3

f (mO)

1
C—maX{Qmo,iol}.
1—€1—m

Our claim is trivial for m < mg. Let m > mg. Using (17) b) choose z = > " z;
where x; = Yn,, m <ny1 < -+ < n,, and where n; is so large that

Define

_ Em
(21) 17nllB. < 57—
for all n, £ > ny. We first show that for £ > 2,
(22) [zllc, < llzfl(1—e1) .
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Conditions (17) b) and (19) b) imply that Lemma 2.2 a) holds for (lz’;”m)l in
the setting D =B, ¢ = ¢,,, and k = ny. Thus for £ > 2, by (2.2.2),

min(¢, m
CLOpS

1
lelee < Faylels + =5 2w

1 L1 2
+(1+em) <W+ + em>+mmaxsup il B,

1SM g>p,

min(¢
< sllels + 1+ ) (ﬁ 1 +2sm) n %ggnxin&
1 1
f(E)Hx”B'F (1+em) (m +1+2em> +em .

We used (21) to get the last estimate. By (20) b) this is < fLHmHB + 2. Thus by
(18),

(23) lelle. < 7z lela el
1 6f(m)
< [m + ) ] Jall < (1 = en)le]
by (20) a).
Finally, if £ > 2 and if ||z||g, > (1 — €1)]|z||, then by (4)
M min(¢, m)
Iz < 5y 737975
I} _m_
=50 T T
el gm
=50 %)
(using 3 < 77ts < s by (20) ¢)). Thus
1 10m
(1= e1)llell = g1l < 7o

and so by our choice of C,

2] < 10 m_ c m
z|| < < .
e - L ) Fm) = “Fm)
This, thankfully, concludes the proof. O
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